We propose a simple jump-diffusion model for an exchange rate target zone. The model captures most stylized facts from the existing target zone models while remaining analytically tractable. The model is based on a modified two-limit version of the Cox, Ingersoll, and Ross (1985) model. In the model the exchange rate is kept within the band because the variance decreases as the exchange rate approaches the upper or lower limits of the band. We also consider an extension of the model with parity adjustments, which are modeled as Poisson jumps. Estimation of the model is by GMM based on conditional moments. We derive prices of currency options in our model, assuming that realignment jump risk is idiosyncratic. Throughout, we apply the theory to EMS exchange rate data. We show that, after the EMS crisis of 1993, currencies remain in an implicit target zone which is narrower than the officially announced target zones.
Introduction
In this paper we develop and apply some techniques from financial econometrics to a model for exchange rates. More specifically, we focus on a new target zone model, i.e. a model for an exchange rate process that is promised to remain within fixed bounds by the central banks concerned. We follow the line in most of the econometric literature. We start by considering the existing (economic) theoretical and empirical results for exchange rates in a target zone. In the models we want to capture the well-known stylized facts of EMS exchange rates in a target zone. That is, EMS exchange rates exhibit mean reversion within the band. Furthermore, there is evidence of strong heteroskedasticity due to a time-varying volatility of the exchange rates and, finally, EMS exchange rates exhibit jumps. We introduce a new model, specified by a stochastic differential equation, that takes into account most stylized facts. We discuss estimation of this model using the (generalized) method of moments (GMM). Afterwards, we apply the techniques to data on the exchange rates in the European Monetary System (EMS).
Finally, we consider the derivation of option prices in this model.
Following the seminal contribution by Krugman (1991) , a lot of effort has been put into modeling of exchange rates in a target zone. For an overview of this literature see Svensson (1992a) . In such a target zone, the exchange rate has a lower and upper bound, which the central banks maintain by interventions in the foreign exchange markets. Krugman's important observation is that, due to the forward looking nature of exchange rate determination in the economy, these interventions have a stabilizing effect even when exchange rates are well inside the band and intervention is not currently effective. Obviously, for exchange rates in the EMS the assumption of a fully credible target zone is violated by historical exchange rate behavior.
Most exchange rates were prone to parity adjustments (realignments). Subsequent target zone models (see, e.g., Bertola and Caballero (1992) , Bertola and Svensson (1993) , and Dumas, Jennergren and Näslund (1995a) ) have incorporated some form of realignment risk.
The EMS has been in effect since 1979, starting with the core European countries, but gradually adding members such as Spain, Portugal, and the UK. The fluctuation bands were fairly narrow from 2.25% to 6% around the central parity. There were regular adjustments to the central parities, especially in the early 80's. After a series of currency crises of September 1993, the British pound dropped out of the system, and most of the remaining fluctuation bands were widened to 15%. The EMS target zone system disappeared with the start of the common currency (the Euro) on January 1, 1999. However, in anticipation of joining the common currency, some countries such as Sweden (which chose not to participate in the EURO immediately) adhere to formal or informal target zone arrangements.
The empirical analysis of Krugman's model and its extensions has not been without problems. The estimation of these models is not trivial due to the use of a regulated (reflected) Brownian motion as the driving process in most of these models. The likelihood function for this process is rather complicated (see Ball and Roma (1994) ). An alternative method is the method of simulated moments, but the experience with these estimators is not very satisfactory (see Smith and Spencer (1991) , Lindberg and Söderlind (1994), and De Jong (1994) ). Second, the pricing of derivatives, such as currency options, in those target zone models involves the solution of a non-trivial partial differential equation (see Dumas, Jennergren, and Näslund (1995a) ).
In this paper, we propose a relatively simple model for exchange rates in a target zone that captures most stylized facts from the existing target zone literature while remaining analytically tractable. In particular, estimation of the model and option pricing are simpler than in existing target zone models. The setup of our model deviates from the usual approach in the target zone literature because we do not start from a specification of economic fundamentals that, in turn, govern the exchange rate. Instead, we specify directly a stochastic process for the exchange rate itself. The model can be considered as the reduced form of a structural target zone model which involves economic fundamentals. Such a reduced form approach to target zone modeling is also taken by Vlaar and Palm (1993) , Koedijk, Stork, and De Vries (1996) , and Bekaert and Gray (1996) , who all specify their models in discrete time. In our model, the stochastic process for the exchange rate exhibits mean reversion of the Ornstein-Uhlenbeck type. The instantaneous volatility depends on the level of the exchange rate and decreases if the exchange rate approaches the boundary of the target zone. The model can be seen as two-limit version of the square root process, popularized in the financial literature by Cox, Ingersoll, and Ross (1985) for the term structure of interest rates. We also enlarge the model by including the possibility of realignments (i.e. the redefinition of the mid-point of the band by the central banks). Such realignments are supposed to follow a Poisson process with constant intensity that is independent of the position of the exchange rate in the band. The size of the jump is not fixed but may depend on the current level of the exchange rate and the current central parity.
An advantage of our model over existing target zone models is that conditional expectations and variances of exchange rates have simple analytical forms. These conditional moments allow for the estimation of the unknown parameters using GMM. An application of the model is to derive estimates of implicit target zones, which are potentially different from officially announced target zones. In particular, we estimate implicit target zones for EMS currencies.
After the EMS crisis of 1993, the official target zone was widened from 2.25% to 15% for most currencies. Our empirical results show that an implicit target zone of approximately 6% is appropriate for the majority of EMS currencies.
An important field of current financial research concerns the pricing of options written on financial securities. The final part of the paper deals with currency option pricing in the proposed target zone model. We are lead to distinguish two cases: models with and without realignment jumps. In the model without realignment jumps the market is complete (i.e. the option payoff can be replicated trading the exchange rate and the risk free investment alone). In this case, option prices can be obtained as the expected payoff under the (unique) risk-neutral distribution of the exchange rate, where there is an absence of arbitrage possibilities. However, introducing realignment risk complicates the analysis because then markets become incomplete.
The no-arbitrage condition is no longer sufficient to derive currency option prices. We solve this problem using the method proposed in Melenberg and Werker (1996) . In the first step of this method, option prices are calculated conditionally on the jump process. In the second step the option price is obtained by taking the expectation of the conditional option prices with respect to the true distribution of jumps. The assumptions underlying this approach are outlined in detail.
The plan of this paper is as follows. In Section 2 we present the model and derive several important properties. In Section 3 we consider estimation of the model. We consider the small sample properties of these estimators using Monte Carlo simulations. In Section 4 we present an empirical application to EMS exchange rate data. In Section 5 we demonstrate how to use our model for the pricing of currency options. Finally, Section 6 concludes.
Model
In our model, we want to capture some well-known stylized facts of exchange rates in a target zone (see Vlaar and Palm (1993) for an overview). For example, EMS exchange rates exhibit mean reversion within the band. That is, exchange rates tend (in expectation) towards their central parity. However, there are infrequent adjustments of this central parity due to realignments. These adjustments may cause a long run upward or downward trend in the exchange rate. Furthermore, there is also evidence of strong heteroskedasticity (due to a time-varying volatility of the exchange rates), see Anderson, Bollerslev, Diebold, and Laby (1999) . Finally, EMS exchange rates exhibit jumps, not only due to realignments, but also within the band (that is, jumps in the exchange rate without jumps in the central parity). Our model intends to capture these stylized facts. So, our model incorporates this mean reverting behavior towards the central parity, conditional heteroskedasticity, and jumps. To introduce the main features of our approach we start this section with a simple model that does not allow for parity adjustments. Realignments jumps will be introduced later.
A model without realignments
Let S t be the exchange rate process under consideration and suppose (just as in the EMS) that this exchange rate may not deviate more than a certain percentage, say z, from a central parity µ t , i.e
Putting X t = log S t , M t = log µ t , and Z = log(1 + z), we can rewrite the target zone condition
The width of the target zone will be non-random in all our models. In practice the width is fixed (usually 2.5% until 1993 and 15% afterwards). It can also be treated as an unknown parameter to investigate whether a narrower band exists. We refer X t as the exchange rate.
In this section we discuss a model where the central parity is constant, M t = m, which corresponds to a fully credible target zone, in the sense that there are no realignments. The exchange rate is assumed to be governed by the following stochastic differential equation
where W t is a standard Wiener process. In this model we have the following parameters:
m ∈ IR, ρ > 0, Z > 0, and σ > 0. The central parity m is fixed by the central banks and, so it will be treated as a known constant in our empirical investigations. If the continuous exchange rate process X t approaches the boundaries m ± Z, the volatility of the error term σ Z 2 − (X t − m) 2 dW t decreases to zero, while the autoregressive part −ρ(X t − m)dt drives the exchange rate back to the central parity. Intuitively, this suggests that X t is well-defined via (2.2). Formally, the existence of a solution to this process follows from Proposition 2.13 in Chapter 5 of Karatzas and Shreve (1991) (see also Yamada and Wanatabe (1971) ). As is clear from the square-root in (2.2), this model is strongly inspired by the model of Cox, Ingersoll, and Ross (1985) and the shifted CIR model of Duffie and Kan (1996) . On the other hand, the instantaneous variance (as in the geometric Brownian motion model) is a polynomial of degree two. In the CIR type models there is one boundary at the bottom, while here we have two boundaries. In this specification, the exchange rate remains in the target zone and it is not necessary to specify an explicit intervention process which is commonly done in other target zone literature.
One of the interesting features of our model is the marginal distribution of the exchange rate. The Krugman (1991) model predicts a U-shaped marginal distribution, which is generally not found empirically. There is ample evidence that the marginal distribution has most of its mass near the middle of the band (see, e.g., Bertola and Caballero (1992) , Flood, Rose, and Mathieson (1991) , and Lindberg and Söderlind (1994) ). Let
denote the deviation of the log exchange rate from the fixed central parity. It follows that the marginal distribution of Y t is a shifted Beta, with density function
where β ≡ ρ/σ 2 . This marginal density can be obtained by solving the Kolmogorov equations (either the forward equation or the backward equation) for the transition probability density function, see p.282 of Karatzas and Shreve (1991) , and then integrating to obtain the unconditional density. This Beta distribution can take various shapes, depending on the sign of β.
Several possibilities are graphed in Figure 1 . If 0 < β < 1, then the distribution is U-shaped with peaks at the boundaries. For β = 1, the marginal distribution is uniform. If β > 1, then the pull towards the central parity is sufficiently strong to generate a unimodal, hump-shaped marginal density. This density is empirically more plausible than the marginal distribution in the model of Lindberg and Söderlind (1994) . In that model, the marginal distribution has most of its mass in the middle of the band but also has two peaks at the boundaries.
To estimate the unknown parameters, it would be convenient to have an explicit form of the discrete time model, i.e. the distribution of exchange rates sampled at finite time differences from the continuous time mode. Efficient econometric analysis of the model must be based on the conditional distribution of the exchange rate given the history of the process. However, the conditional distribution is rather complicated and even unknown for the model with jumps which will be discussed later. Therefore, we decided to base our econometric analysis on the conditional moments of the process, which have simple analytical forms. Let h > 0 denote the time interval between two observations. In Appendix A we derive the following expressions for the conditional mean, variance, and skewness (with respect to the filtration
that is assumed to contain all the relevant information of economic agents):
where the conditional skewness, Sk t (X t+h ), is defined as the centralized third moment
From these expressions the unconditional moments of Y t follow immediately,
This implies that the discrete observations of the logarithm of the exchange rate in the target zone model have an AR(1)-ARCH(1) structure. This can be made more explicit by writing
Observe that the volatility decreases if the process approaches one of the boundaries ±Z.
The conditional skewness of the exchange rate also depends on the current position of the exchange rate in the band. Also, note that the ARCH(1)-parameter α h is negative, while the conditional variance remains, of course, positive. We will exploit these analytical expressions for the conditional moments to derive estimators for the parameters in the model in Section 3.
Models with realignments
The main drawback of the above model is the inability to change the central parity m. In this subsection, we generalize the previous model to a class of models with realignments. That is, we model the central parity as a separate stochastic process, M t , which exhibits occasional jumps. Following Svensson (1992b) , Bertola and Svensson (1993) , and Dumas, Jennergeren, and Näslund (1995a) the jumps are modeled as a Poisson process with constant jump intensity.
The size of the jumps is predetermined and depends on the current exchange rate and the current central parity. The model for the exchange rate itself will be similar to the model presented in the previous section. The drift of the exchange rate is still an Ornstein-Uhlenbeck type, but using the current central parity as reference point. The instantaneous variance follows the parameterization in (2.2). Let X t− denote the exchange rate just before time t (i.e.
X t− = lim h↓0 X t−h ), then we propose the following model
where N t is a Poisson process with jump intensity θ. The purpose of realignment jumps is to reset the central parity, M t , to the current value of the exchange rate:
This realignment structure does not allow for jumps outside the current target zone and the exchange rate itself is a continuous variable. A similar assumption is made in the model of Dumas, Jennergren, and Näslund (1995a) .
To show that the system (2.5a)-(2.5b) allows a solution (X t , M t ), let Y t = X t − M t be the exchange-rate-within-the-band, so Y t will be defined as the deviation between the exchange rate X t and the central parity M t . The stochastic differential equation for Y t is given by
This equation will give a unique solution for Y t which can be seen by conditioning on the jumps N first. Plugging this solution into (2.5b) yields M t and, hence, also
proves the existence of a unique solution of the system of stochastic differential equations (2.5a)-(2.5b). Note that |Y t | = |X t − M t | ≤ Z, so that the exchange rate X t remains in the band
The conditional first and second moments (variance and covariance) of the exchange rate X t and the central parity M t in model (2.5a)-(2.5b) can be calculated using the methods explained in Appendix A. To simplify the exposition we present the conditional moments of the central parity process M t and the difference process
These formulas show that the difference process Y t has again the AR-ARCH property, similar to the exchange rate in the fixed parity model. The mean reversion is determined by the sum ρ + θ. The variance of the central parity M t increases with the horizon h and therefore X t and M t are integrated of order 1, using the terminology of Engle and Granger (1987) . Moreover, the central parity M t and the exchange rate X t are co-integrated. The direction of the drift is determined by the sign of Y t : if the exchange rate is above the central parity the expected drift is upward, otherwise it is downward.
Review of the models
To conclude this section, we discuss the merits of the models above. In our models we are able to capture the usual properties of credible exchange rate target zones (i.e., decreased volatility near the boundaries and mean reverting processes). Moreover, the conditional moments have an AR-ARCH property: conditional expectations are autoregressive and conditional variances depend on past squared observations. The model without realignments (2.2) is just a starting point and could be used for descriptive purposes for periods when it is known that there are no parity changes. To include the possibility of parity changes we extend (2.2) to the system of stochastic differential equations (2.5a)-(2.5b). Of course, one may criticize the simplicity of the realignment process since the probability of jumps is constant over time and the central parity jumps exactly to the prevailing exchange rate at the time of the jump. This assumption is of course empirically easily rejected but is maintained to facilitate the analysis of the model.
Nevertheless, some important properties of EMS exchange rates are captured by this realignment model. Of course, the proof of the pudding is in the eating and in Section 4 we will see how these models perform for several currencies in the EMS.
GMM estimation of the target zone model
Target zone models of exchange rates are known to be hard to estimate. The original model of Krugman (1991) and most of its extensions (Lindberg and Söderlind (1994) , Bertola and Caballero (1992) , and Bertola and Svensson (1993) , among others) are based on a regulated Brownian motion or a regulated Ornstein-Uhlenbeck process, sometimes augmented with a jump process. These stochastic processes make it hard to analyze discretely the sampled data since the likelihood function and conditional moments do not take on simple analytical forms. In response, many authors (cf., for example, Smith and Spencer (1991) , Lindberg and Söderlind (1994) ) have used the method of simulated moments, which is feasible because the underlying processes are relatively easy to simulate. However, from a practical point of view, these are not very useful. The problem is that unconditional expectation and variance of the exchange rate provide relatively little information about the parameters of interest. See De Jong (1994) for an empirical assessment of the performance of these simulation estimators in a target zone model. Ball and Roma (1994) discuss a maximum likelihood estimator which is specific to their model with exogenous mean reversion and a fully credible target zone (originally proposed by Lindberg and Söderlind (1994) ). Their estimator works well, but it is too complicated and cannot easily be extended to other target zone models.
In our models, the likelihood function of the exchange rate is not known, except in some very special cases. However, we do provide (analytical) expressions for the conditional moments of at least second order. The information in these moments can be utilized using the GMM framework. The GMM literature is vast, but we direct the reader to Meddahi and Renault (1996) in which they focus on conditionally heteroskedastic models. The general idea is as follows: let m t denote a vector which is composed of deviations between powers of the innovations, say ε t , and their conditional expectations as a function of the unknown parameter θ. By construction, the conditional expectation of this vector is zero (i.e. E t−1 m t (θ) = 0). To estimate θ, we can exploit moment restrictions of the form
where z t−1 is a so-called instrument known at time t − 1 (measurable with respect to F t−1 ).
The GMM estimator is found by solving the sample analog of the moment equation
It is well known (see, e.g., Godambe (1985) and Newey (1990) ) that the "optimal" instrument given the choice of the moment vector m t is
This means that, under some regularity conditions, this choice of z t−1 minimizes the variance in the asymptotic normal limiting distribution of the estimator (in the class of all moment estimators based on m t (θ)). In general, including more elements in the moment vector m t will enhance the efficiency of the GMM estimator, provided that the optimal instrument is used to generate the moment restrictions (3.1).
If the true V ar t−1 (m t ) is very complicated, the optimal instrument can be difficult to construct. Following Meddahi and Renault (1996) , in such a case we can specify some approximation of V t−1 by using the following instrument
The GMM estimator based on this instrument will be less efficient, but may be more tractable than the estimator based on the optimal instrument (3.3). Alternatively, if an initial consistent estimator is available, we could construct the optimal instrument using nonparametric estimates of E t−1 ( ∂m t ∂θ ) and V ar t−1 (m t ), where m t is evaluated in the initial consistent estimate (see Wefelmeyer (1996) ).
The particular versions of the GMM estimator that we employ are Quasi Maximum Likelihood (QML) and an extension of QML based on the first three conditional moments of the exchange rate. Both estimators do not use the optimal instruments based on the true variancecovariance matrix of the moments. Instead, we use an approximation of this matrix (based on the normal distribution). Appendix B gives more details on the implementation of these estimators.
We tested the performance of the GMM estimators in the target zone models on simulated data. In the experiments, we simulate data from the simple model (2.2) without realignments.
In our simulations, the midpoint of the band is normalized at zero, m = 0, and the bandwidth is equal to the EMS bandwidth, Z = 2.25, expressed as a percentage. The values of the parameters ρ and σ 2 are chosen to resemble actual EMS exchange rate data. From the estimates in Section 4 it appears that the choice (ρ, σ 2 ) = (0.05, 0.02) for weekly data is reasonable.
However, we also conducted experiments for data with a higher variance, σ 2 = 0.04. Note that both sets of parameters imply a hump-shaped marginal distribution function.
To simulate from the continuous time process we used a refined Euler discretisation scheme.
More specifically, we simulated daily data from repeated drawings from a normal distribution with conditional mean and variance given by equations (2.4a)-(2.4b). We sampled one in five simulated values, which corresponds to using weekly observations. Using these simulated time series we estimated the parameters by QML and with the three moment GMM estimator. To summarize, the experiments differ in the following aspects: • Whether to treat Z as given or as an additional parameter to estimate;
• The number of simulated observations, 300 or 1200.
All experiments were repeated 100 times.
In the left panels of Table 1 we report the descriptive statistics of the parameter estimates in the case where the bandwith Z is fixed. Our initial results are encouraging. The mean of the estimator is quite close to the true value and the standard errors are small. Only in the small sample (300 observations) there seems to be a slight overestimation of ρ; the estimates for σ 2 are on average correct. The GMM standard errors are in line with the Monte Carlo standard deviation of the parameter estimates. The gain in efficiency by adding the third moment in the estimation is marginal for this model with a fixed bandwidth.
The right panels of Table 1 reports the results for our experiment, where the bandwidth Z was treated as an additional unknown parameter. Again, there is a slight upward bias in the estimates of ρ. The estimates of σ 2 are also slightly upward biased and have larger standard errors than in the case where Z is fixed. From this, there is a clear gain in efficiency by using the three moment GMM estimator over the QML estimator. In particular, the QML estimates of Z in the case of 300 weekly observations have very large standard errors. The GMM estimates of Z are much more precise. The GMM estimator for the other parameters (ρ and σ) seems also more efficient than the QML estimator.
The final simulation results concern the model with realignments. Table 2 presents statistics of the GMM estimator which is based on the conditional mean and variance of the exchange rate within the band, as well as the conditional mean of the central parity, (2.7a)-(2.7c). The weighting matrix is again based on a normal approximation along the lines of Appendix B.
We report simulation evidence for one set of true values, (ρ, σ 2 , θ) = (0.05, 0.02, 0.02), and a sample size of 700 weekly observations. The three moment GMM estimator performs rather well, although there is a slight downward bias in θ, which is compensated by an upward bias in ρ. We also experimented with a "five moment GMM" estimator which uses, in addition to those three moments, the conditional variance of the central parity and the conditional covariance of the exchange rate with the band and the central parity, (2.7a)-(2.7e). The performance of this 'five moment' GMM estimator is worse than the performance of the three moment GMM and is therefore not used in the empirical applications. This may, of course, be due to the use of an inefficient weighting matrix, or a result of small sample problems.
Empirical results for the EMS
In this section we present empirical results of our target zone model on the exchange rates of EMS currencies to the Deutsche mark. The setup of the section is as follows. First, we present estimates of the target zone model (2.2) with a fixed central parity and fully credible bands. Our setup allows us to treat the bandwidth as a free parameter, so that we can estimate implicit bands. These may be either wider or narrower than the officially announced band, which indicates a weaker or stronger commitment of the central banks to the exchange rate parity than specified by the official target zone, respectively. After that, we show the evidence on the model containing realignment jumps, (2.5a)-(2.5b), which is more suited for the EMS which showed several realignments. The data used are weekly log exchange rates of the Deutsche mark expressed in local currency, multiplied by 100 to allow an interpretation as a percentage deviation from the central parity.
Estimation results for model without realignments
In Table 3 we report the estimates of the model with a fixed central parity and no jumps, which was presented in equation (2.2). To estimate this model we use data from January 1987
to August 1992 because it was the last stable period in the EMS, and so we have 297 weekly observations. The Irish pound and the Italian lira were subject to realignment in this period and are therefore excluded from the analysis. Other currencies, such as the Spanish peseta and the Portuguese escudo, have participated in the EMS for too short a period for a meaningful econometric analysis. The officially allowed deviation from the central parity in this period was 2.25%. The model is estimated using the GMM estimator presented in Section 3, based on the conditional mean, variance, and skewness given in (2.4a)-(2.4c). The first part of Table 3 reports estimates for a fixed bandwidth parameter Z = 2.25. The mean reversion is quite strong for the Dutch guilder, which is not very surprising as the guilder is always very close to the central parity. For the other currencies the mean reversion is less strong but significantly different from zero, and always larger than the estimated variance parameter σ 2 . The latter result implies a hump-shaped marginal distribution of the exchange rate. The results for the Danish krone are somewhat different as the estimate of ρ is not significantly different from zero and smaller than the estimated σ 2 .
The second part of Table 3 presents estimates over the same period where the bandwidth Z was treated as an additional free parameter. For the Belgian franc and the Danish krone, the implicit band is somewhat wider than the official band, but the difference is not significant.
For the French franc the implicit band is significantly narrower than the official target zone.
As mentioned earlier, no reasonable estimate for the bandwidth Z of the Dutch guilder could be obtained. Table 4 extends the sample period to the full period in which currencies participated in the EMS exchange rate mechanism with narrow bands. This covers the period February 1980 to June 1993. The Italian lira dropped out of the EMS in 1992; the last observation for the lira is therefore 7 July 1992. The weeks with realignments were omitted from the estimation, which was achieved by skipping the weeks with a realignment in computing the GMM criterion. The point estimates are of course different from the ones obtained over the shorter period, but qualitatively the conclusions are similar. If the bandwidth is estimated, the estimated mean reversion is (in most cases) somewhat weaker and the estimated variance parameter is smaller.
These effects are probably due to the result that the implicit bandwith is wider than the official bandwith. The differences are not statistically significant, however.
Next, we extend the data to cover the period after the EMS crisis of August 1993. The subsequent widening of the bands to most currencies to 15% deviation from the central parity is often viewed as a de facto reversion to floating exchange rates (see Obstfeld and Rogoff (1995) ).
On the other hand, Campa and Chang (1996) found that the observed prices for options on the Deutsche mark/Italian Lira and the Deutsche mark/French franc exchange rates over this period were consistent with much narrower bands. We try to assess this hypothesis by estimating implicit bands and by testing whether these are narrower or wider than the posted ones. Table 5 represents the estimates of this implicit bandwidth. The model assumes that before the 1993 realignment the relevant bandwidth is equal to the official bandwidth of 2.25%
(6% for the lira). The bandwidth after that realignments will be treated as an unknown parameter. The other parameters (ρ and σ 2 ) are assumed to be constant over the whole sample period. The results show that the implicit bandwidth for the period after the 1993 realignments, estimated around 6% for most currencies, is narrower than the officially annouced bandwidth.
The estimated implicit bandwidth for the Italian lira, which wasn't in the EMS in this period, is much larger than the estimates for the other currencies. The Dutch guilder was virtually unaffected by the realignments. Cavaliere (1997) finds that the implicit band before the 1993 realignments was also narrower than the official bandwidth.
Estimation results for model with realignments
In Table 6 the estimates of the target zone model with realignments (2.5a)-(2.5b) are given.
We use a GMM estimator based on the conditional mean and variance of the exchange rate within the band (Y t = X t −M t ) and the conditional mean of the central parity, given in (2.7a)-(2.7c). The most surprising feature of the results are the large estimates for the jump intensity θ. The estimated number of jumps per year is around 2, which is much greater than the actual number of realignments. This means that some large changes within the band could be taken for realignments. The estimates of ρ are typically negative, but the sum of ρ and θ is always positive, which ensures that the exchange-rate-within-the-band, Y t , is mean reverting.
The somewhat disappointing results of the model with realignments lead us to an alternative estimator for the jump intensity, θ. A simple frequency estimator (the actual number of realignments divided by the total number of observations) was calculated. The remaining parameters were estimated by GMM taking the estimated value of θ as given. Standard errors were calculated as if θ were known. The empirical results of this procedure are reported in the right-hand-side panel of Table 6 . The estimates for ρ and σ 2 make much more sense now. Compared with the estimates obtained from the model without realignments, the estimated variance parameter σ 2 is smaller, especially if the jump probability is high. Apparently, for several currencies the jump process accounts for a substantial part of the variance in exchange rates. This will have important ramifications for option pricing, as we demonstrate in Section 5.
Option pricing
One of the most important reasons to consider continuous time models in finance is the pricing of financial derivatives. Since the seminal work of Black and Scholes (1973) , it is well-known that continuous time models often allow for explicit calculation of option prices under a noarbitrage assumption only. In this section we derive prices of European-type options written on exchange rates that stay within a target zone. More specifically we will consider the exchange rate processes discussed in Section 2. The first model does not allow for realignments in the central parity. It will turn out that the market described in this case is complete, so that option prices can be calculated under the assumption that there exist no arbitrage possibilities.
Model (2.5a)-(2.5b) does allow for realignments. We will see that these realignments cannot be hedged perfectly away when one is only trading in the underlying exchange rate (and a riskless asset). In this case the market is incomplete, and implicit assumptions on agents' preferences are necessary to obtain option prices. We will follow the approach initiated by Hull and White (1987) , by assuming that the realignment risk is not priced for the domestic investor.
More specifically we will follow the framework outlined in Melenberg and Werker (1996) . In all the derivations we use the formal setup of Harrison and Pliska (1981) .
It is known that analytical formulas for options are hard to obtain. Therefore we will calculate option prices using simulation techniques. Moreover it will turn out that the absence of arbitrage opportunities in a target zone model imposes restrictions on the domestic and foreign instantaneous interest rates. One of the viable restrictions is Uncovered Interest Parity, which we will assume in this section. It must be stressed however that other possiblities exist
Option pricing in models without realignments
We consider the pricing of European call options in the target zone model without realignments (2.2). To do so (and in fact obtain the price of any derivative claim on the currency) we derive the risk-neutral distribution of the exchange rate. Recall that, with X t denoting the log exchange rate, we have
We let r denote the domestic instantaneous interest rate and r f the foreign interest rate. In principle we could allow both interest rates to be arbitrary functions of X t . Later it will turn out that a no-arbitrage assumption induces restrictions on the functional form of r and r f .
Proposition 5.1 Under the above assumptions the risk-neutral distribution of the exchange rate is described by
whereW is a risk-neutral Brownian motion.
Proof: Consider a foreign money market account, whose value (in the foreign currency)
In the domestic currency the value, V t = exp(X t )V f t , is obtained by applying Itô's rule and it satisfies dV t = exp(X t )dV
Since t 0 r s ds is of bounded variation, the discounted value exp(− t 0 r s ds)V t follows the SDE
From the no-arbitrage assumption we know that there exists a equivalent martingale measure under which discounted prices, and in particular exp(− t 0 r s ds)V t , are martingales (see Harrison and Pliska (1981) ). Therefore, there exists a risk-neutral martingaleW such that
Since the quadratic variation ofW t must be t (use that quadratic variations are invariant under absolutely continuous changes of measure) Levy's characterization theorem implies thatW is a (risk-neutral) Brownian motion. This in turn implies that
To obtain the risk-neutral distribution of the exchange rate note that X t = log(V t /V f t ) which implies
Using Itô's Lemma to rewrite (5.4) in terms of the exchange rate exp(X t ) yields the desired result.
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We have shown that, under the no-arbitrage assumption, the exchange rate exp(X t ) satisfies (5.1) whereW is a risk-neutral Brownian motion. If r t − r f t would be constant, (5.1) does not have a solution, which suggests that arbitrage opportunities should exist. It is not difficult to see that these arbitrage opportunities occur if the exchange rate is near the target zone boundaries. In case, e.g., r t − r f t > 0 and the exchange rate is close to the upper boundary, domestic instantaneous risk-free investments yield higher than foreign risk-free returns while the exchange rate is known not to increase by much because it remains within the target zone.
Similar reasoning applies in case r t − r f t < 0.
To obtain a viable model, we will impose the Uncovered Interest Parity (UIP). This means that we suppose that
(5.5)
In must be stressed that the UIP assumption is only one of many possible choices that gives a viable model. The UIP assumption is made here for convenience. By (5.4) and (5.5) we obtain
Notice that the log exchange rate is mean reverting and therefore it remains inside the target zone under the risk neutral distribution. Given such parametric assumptions, derivation of prices of European type call options on the exchange rate is straightforward. Consider a European call option with maturity T and excercise price K ≡ exp(m +k). A value of k = 0.02 implies that the excercise price of the option is 2 percent above the long-term value of the exchange rate. Under the no-arbitrage assumption, the domestic option price is given bỹ
whereẼ signifies that the expectation is taken under the risk-neutral probability measure.
Particular option prices are easily obtained using risk-neutral simulation from the stochastic differential equation (5.6).
Option pricing in models with realignments
In this section we consider option pricing in the model with realignments, (2.5a)-(2.5b). As mentioned above this model describes an incomplete market so that option prices are not solely determined by a no-arbitrage assumption. Consequently we have to make assumptions on how to deal with the realignment risk. The method we use is an application of Melenberg and Werker (1996) . Essentially, this method integrates out all possible jump processes. Conditionally on a specific jump process, the market is complete and option pricing follows the approach outlined in the previous subsection. Option prices are obtained taking the expectation of these prices (expressed in domestic currency) with respect to the distribution of the jump process.
By using the equivalent martingale measure, it does not affect the distribution of realignments which implies that its risk is not priced. Note that this holds for the domestic investor. The equivalent martingale measure concept is not invariant under changes of currencies. Hence, the realignment risk is probably priced for the foreign investor. See also Dumas, Jennergen, and Näslund (1995b) .
The ideas used in this section are quite straightforward. We consider the model (2.5a)-(2.5b)
There are two sources of uncertainty in this model, W and N . In this situation, we are in an incomplete market. However, if we condition on N , we are left with a single source of uncertainty and the market is complete. This allows for the computation of option prices conditional on the behaviour of N along the same lines as in Section 5.1. Intuitively, we say that the option can be perfectly hedged away if the realingments were known beforehand.
Unfortunately, they are not known and to obtain the actual derivative prices we must take the expectation over N of this conditional option pricing formula. This expectation will be taken under the true probability measure. Hence, we make the assumption that the jump intensity under the equivalent martingale measure equals the objective one (i.e. under the true probability). It is not difficult to see that a change of the jump intensity yields another possible equivalent martingale measure. This verifies that indeed the market is incomplete. Requiring that the jump intensity remains the same is simply one of the possible restrictions on agents' preferences that may be imposed. It implies that no risk-premium is paid on realignment risk, i.e. one might say that this risk is idiosyncratic. For rigorous proofs of the validity and an interpretation of the procedure we refer to Melenberg and Werker (1996) .
To summarize, we have the Proposition 5.2 In the model with idiosyncratic realignment risk the risk-neutral distribution of the exchange rate is described by
Proof: We can completely copy the proof of Proposition 5.1, working conditionally on N .
This immediately yields (5.7a). Under the stated assumptions the risk-neutral distribution with respect to N simply equals the true one. This yields (5.7b).
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As mentioned above, the concept of an equivalent martingale measure is not invariant under a change of currency. This is a consequence of the simple fact that domestic investors should discount using the domestic interest rate, while foreign investors discount using the foreign interest rate. This implies that our assumption is also specific to the domestic investor. Her foreign colleague might very well face a risk premium on realignment risk. For further discussion we refer to Dumas, Jennergen, and Näslund (1995b) .
Numerical examples
In this section we give some numerical examples of our currency option pricing model. We compare the option prices generated by our model with option prices based on the models of of the standard Black-Scholes model for the pricing of currency options and assume that the exchange rate follows a geometric Brownian motion and that interest rates are constant. We will show that our model sometimes can generate prices which are very different from the Black-Scholes values.
In the first experiment we calculate prices of European call options on exchange rates with maturity 52 weeks. The initial value of the exchange rate is equal to the central parity. Option prices are calculated from the target zone model without realignment jumps (2.2), the target zone model with realignments, and the Black-Scholes model. For the target zone models, the interest rate differential follows equation ( is that the Black-Scholes model ignores the mean reversion and the decreasing volatility of the exchange rate close to the boundaries of the target zone. The overpricing is most pronounced for deep in-the-money and out-of-the-money options. Option prices in the model with realignments are higher than the prices in the model without realignments. This is not surpirising since the realignments increase the dispersion of the exchange rate at maturity, which increases option prices. Despite the rather high probability of a realigment jump, the Black-Scholes model still overprices currency options. This result is specific for this parameter setting, however.
The second experiment is the same as the first, except for the intial value of the exchange rate, which is chosen to be below the central parity, X 0 = M 0 − 0.01. The prices and implied volatilities of the model prices are graphed in Figure 2B . Like in the first experiment, the target zone model prices are lower than the Black-Scholes prices.
The third experiment is again the same as the first, but with an initial value of the exchange rate above the central parity, X 0 = M 0 +0.01. The numerical results are graphed in Figure 2C .
We first discuss the results for the model without realignments. In contrast with the previous results, the model prices for some options are now larger than the Black-Scholes prices. In the model with realignments, upward jumps are much more likely than downward jumps because the initial exchange rate is above the central parity. Hence, call prices in the model with realignments are larger than both the Black-Scholes prices and the prices in the model with a credible target zone.
We repeated the preceding analysis for options with a shorter maturity, 13 weeks. The deviations between the target zone model prices and the Black-Scholes prices are now less pronounced, but the same general conclusions can be drawn. These results are different from the usual results on volatility smiles. For example, Renault (1995) , who investigates option pricing for stochastic volatility models, shows that deviations from the Black-Scholes model are more pronounced for close-to-maturity options.
To summarize, the target zone model yields call option prices which are very different from 
Conclusions
The paper hopes to provide an insight in the modern quantitative finance literature from the point of view of financial econometrics. As an example of this type of research, we develop a new model for exchange rates in a target zone. The models is based on the idea that the volatility of the exchange rate should decrease near the band, while mean-reversion stays in effect. Both a fully credible band (no changes in the central parity) and a model with possible realignments are considered. Since the likelihood function for discrete time observations of the exchange rates is not known, we develop a GMM estimator based on exact conditional moments.
Simulation experiments show that the GMM estimator performs quite well under parameter values typically found for EMS currencies. In the empirical part, we estimate the model on EMS data. One of the interesting results is that we can estimate implicit bandwidths for the period after the 1993 realignment. It turns out that these implicit bands, though wider than the previous 2.25% bandwidth, are narrower than the official target zone which admits 15% deviations to either side of the central parity. The final section of the paper develops a method to price currency options in target zone models with and without realignments. We conclude the paper by calculating option prices in our models. The results show that naive application of the Black-Scholes formula can significantly overprice (if there are no realignments) or underprice (if there is a high probability of devaluation) European type call options.
A potential further application of the model is an assesment of target zone credibility.
Following Bertola and Svensson (1993) and Svensson (1993) , one may adjust foreign-domestic interest rate differentials for the expected rate of devaluation within the target zone to get an estimate of the expected rate of realignment. Alternatively, the intensity of jumps in the model could be estimated using observed option prices, for example along the lines of Campa and Chang (1996) . Such applications are left for further research.
A Conditional moments
In this appendix we show how to derive the conditional moments of the stochastic process (2.2), which we repeat here for convenience
With Itô's theorem we obtain
By integrating both sides over the interval, (t, t + h],
Observe that the innovations,
form a martingale difference sequence. The conditional expectation therefore equals
The conditional variance of the innovations can be derived as follows, see Protter (1990) , Section 2.6,
Solving this differential equation yields (2.4c).
The conditional moments of the model with realignment jumps (2.5a)-(2.5b) are derived as follows. The conditional expectations of X t+h and M t+h given the information available at time t are obtained by integrating over the interval (t, t + h]. This yields
Solving the corresponding differential equations,
with boundary conditions E t X t = X t and E t M t = M t , one obtains,
Hence, the conditional expectations are weighted averages of the current price and the current reference price. Jointly, they form a VAR(1), compare the situation with the model of subsection 2.1. The martingale implications of these two conditional moments allow for estimation of the mean parameters ρ and θ. Similar, but more tedious, calculations yield the conditional second moments.
Note that the econometrician does not observe the complete past of the processes X and M , but only its values at equidistant time points t = h, 2h, . . ., T h. Since the conditional expectations (derived above with respect to the information sets containing the complete past)
depend only on the current observed values of the processes, the GMM approach remains applicable to the econometrician. This can also be derived from the Markov property of the processes, implying that the conditional expectations above remain valid with respect to the restricted information set of the econometrician.
B GMM Estimation
In this appendix we provide a detailed description of the GMM estimators used in this paper.
We use the following notation for the first three conditional moments (mean, variance and skewness): µ t = E t−1 (X t ), h t = V ar t (X t ) and s t = E t−1 (X t − µ t ) 3 , all of which are functions of the unknown parameters θ.
The Quasi Maximum Likelihood estimator uses the information in the conditional mean and variance. Defining ε t ≡ X t − µ t , the QML estimator can be written in GMM form (see also Meddahi and Renault, 1996) by choosing the vector of moments
and the approximation to the variance matrix
The resulting moment equations
are identical to the first order conditions of the QML estimator.
We also employ a GMM estimator which uses, in addition to the conditional mean and variance, the conditional skewness of the data. The vector of moments therefore is
An approximation to the variance matrix of the moments is obtained by calculation higher moments as if the conditional distribution were normal, which yields
and the instrument
The asymptotic variance ofθ takes the familiar form A −1 BA −1 , where A and B are the limits of 1 n t z t−1 E t−1 ( ∂m t ∂θ ) and 1 n t z t−1 V ar t−1 (m t )z t−1 , respectively. Call option price
